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Abstract. We introduce the relative tail entropy to establish a variational 
principle for continuous bundle random dynamical systems. We also show that 
the relative tail entropy is conserved by the principal extension. 


1. Introduction. The entropy measures the complexity of a dynamical systems 
both in the topological and measure-theoretic settings. The topological entropy 
measures the maximal dynamical complexity versus an average complexity reflected 
by the measure-theoretic entropy. The relationship between these two kinds of 
entropy is the classical variational principle, which states that the topological en¬ 
tropy is the supremum of the measure-theoretic entropy over all invariant measures 
[13, 14, 24]. 

The entropy concepts can be localized by defining topological tail entropy to 
quantify the amount of disorder or uncertainty in a system at arbitrary small scales 
[23]. The local complexity of a dynamical system can also be measured by the 
defect of uniformity in the convergence of the measure-theoretic entropy function. 
A variational principle related these two aspects is established in the case of home- 
omorphism from subtle results in the theory of entropy structure by Downarowicz 
[8, 3]. An elementary proof of this variational principle for continuous transforma¬ 
tions is obtained in terms of essential partitions by Burguet [4]. Ledrappier [21] 
presents a variational principle between the topological tail entropy and the defect 
of upper semi-continuity of the measure-theoretic entropy on the cartesian square of 
the dynamical system, and prove that topological tail entropy is an invariant under 
any principal extension. 
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Kifer and Weiss [18] introduce the relative tail entropies for continuous bundle 
RDSs by investigating the open covers and spanning subsets and deduce the equiv¬ 
alence between the two notions. It is shown in [19] that the defects of the upper 
semi-continuity of the relative measure-theoretic entropies are bounded from above 
by the relative tail entropy. 

In this paper we devote to proposing a relative variational principle for the rela¬ 
tive tail entropy introduced by using open random covers, which enable us to treat 
different fibers with different open covers. We also introduce the factor transfor¬ 
mation and consider its basic properties related to the invariant measure and the 
upper semi-continuity of the relative measure-theoretic entropy for continuous bun¬ 
dle RDSs. For the product RDS generated by a given RDS and any other RDS with 
the same probability space, we obtain a variational inequality, which shows that the 
defect of the upper semi-continuity of the relative measure-theoretic entropy of any 
invariant measure in the product RDS cannot exceed the relative tail entropy of 
the original RDS. When the two continuous bundle RDSs coincide, we construct a 
maximal invariant measure to ensure that the relative tail entropy could be reached, 
and establish the variational principle. For the probability space being trivial, it 
reduces to the variational principle deduced by Ledrappier [21] in deterministic dy¬ 
namical systems. As an application of the variational principle we show that the 
relative tail entropy is conserved by any principal extension. 

The paper is organized as follows. In Section 2, we recall some background in 
the ergodic theory, introduce the relative tail entropy with respect to open random 
covers and state our main results. In Section 3, we give some basic properties of the 
relative entropy and the relative tail entropy. In Section 4, we devote to the proof 
of the variational principle and show that the relative tail entropy is an invariant 
under principal extensions. 


2. Preliminaries and main results. Let (D, P) be a complete countably gen¬ 
erated probability space together with a P-preserving transformation i) and {X, B) 
be a compact metric space with the Borel u-algebra B. Let f be a measurable 
subset of D X A with respect to the product tr-algebra X x B and the fibers 
£uj = {x & X (io,x) S be compact. A continuous bundle random dynami¬ 
cal system (RDS) T over (D,A, P, is generated by the mappings f 
so that the map {io,x) T^^x is measurable and the map x —>■ T^x is continuous 
for P-almost all (a.a.) w. The family {T^ : oj € D} is called a random trans¬ 
formation and each maps the fiber to The map 0 : f f defined 

by Q{u!,x) = ('&uj,Ti^x) is called the skew product transformation. Observe that 
©"(w, x) = T^^x), where TJ) = o • • • o for n > 0 and = id. 

Let Pp(D X A) be the space of probability measures on D x A having the marginal 
P on D and set Vp{£) = {fj, € Pp(D x A) : = 1}. Denote by Ip{£) the space 

of all ©—invariant measures in Pp(f). 

Let 5 be a sub-cr-algebra oi X x B restricted on £, TZ = {Ri} he a finite or 
countable partition of £ into measurable sets. For /i G Pp(D x A) the conditional 
entropy of TZ given u-algebra S is defined as 

H^{n\S) = -J J2EilR^ I 5)logF;(lfl. 1 S)d^i, 

i 

where E{1r. \ S) is the conditional expectation of 1 _r. with respect to S. 
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Let fi £ Ip{£) and <S is a sub—cr—algebra of x S restricted on £ satisfying 
0“^iS C S. For a given measurable partition TZ of the conditional entropy 
I 5) is a non-negative sub-additive sequence, where 
The relative entropy h^{TZ | 5) o/0 with respect to a partition TZ is defined as 

h^{TZ I 5) = lim I S) = inf | 5). 

n^oo n n n 

The relative entropy of © is defined by the formula 

h^{Q I S) = suphf,(n I 5), 
n 

where the supremum is taken over all finite or countable measurable partitions TZ 
of £ with finite conditional entropy H^{TZ \ S) < oo. The defect of upper semi¬ 
continuity of the relative entropy h)j,{Q | 4?^ i® defined on 2p(f) as 

f limsup/i;i(0 I S) - /im(0 I S), if /im(0 I 5) < oo, 

I 5) = < 

I oo, otherwise. 

Any fj. £ 'Pr{£) on £ disintegrates dyi{uj,x) = dfj,u;{x)dP{u}) (see [10, Section 
10.2]), where fXuj are regular conditional probabilities with respect to the cr—algebra 
Ts formed by all sets (F x A) nf with F £ T. This means that p,ui is a probability 
measure on £^ for P-a.a. w and for any measurable set R £ £, P-a.s. p^iiRi^j)) = 
E{R I Ts) ) where R{uj) = {x : {u!,x) £ R} and so fJ-iR) = / /ia;(l?(a;))dP(a;). The 
conditional entropy of TZ given ct— algebra Fs can be written as 

H^,{TZ I Fs) = - JY,E{R^ I F£)\ogE{R, \ F£)dP = J H^^iTZ{cu))dF, 

where TZ{u!) = {i?i(a;)}, Ri{io) = {x £ £^ •. (cv,x) £ Ri} is a partition of 

Let (y,C) be a compact metric space with the Borel cr-algebra C and fy be a 
measurable, with respect to the product cr-algebra F x subset of fl x T with 
the fibers being compact. The continuous bundle RDS S over (il,F, P, i?) is 

generated by the mappings S^j '■ Gu; ^ G^uj so that the map (w,j/) —>■ Sujy is 
measurable and the map y —> Su^y is continuous for P-almost all (a.a.) w. The skew 
product transformation A : (y —>• ^ is defined as A(a;, y) = {'dtv, Sujy). 

Definition 2.1. Let T,S are two continuous bundle RDSs over (n,F', P, i?) on £ 
and G, respectively. T is said to be a factor of S, or that S is an extension of T, 
if there exists a family of continuous surjective maps tTuj ■ Gui ^ £ui such that the 
map {uj,y) —>■ rr^jy is measurable and t^sujSuj = The map tt : (y —J- f defined 

by n(ui,y) = (ui,TTujy) is called the factor or extension transformation from G to 
£. The skew product system {£, 0) is called a factor of {G, A) or that {G, A) is an 
extension of(£^, 0). 

Denote by A the restriction of F x .5 on £" and set Ag = {Tr~^A : A £ A}. 

Definition 2.2. A continuous bundle RDS T on is called a principal factor of 
S on G, or that S' is a principal extension of T, if for any A—invariant probability 
measure m in Iv{G), the relative entropy of A with respect to Ag vanishes, «.e., 
/i^(A I Ag) = 0. 

Let T and S are two continuous bundle RDSs over (0,7^, P,-d) on £ and G, 
respectively. Let Ti = {{uj,y,x) : y £ Gui,x G £u,} and = {{y,x) : {uj,y,x) £ H}. 
It is not hard to see that TT is a measurable subset of D x T x A with respect to 
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the product cr—algebra J" x C x S (as a graph of a measurable multifunction; see [5, 
Proposition III. 13]). The continuous bundle RDS SxT over (fl, is generated 

by the family of mappings (S' x T)^ : T-L^ —>■ T-Lsui with [y, x) {S^y, T^^x). The map 
(w, y, x) {Suiy, T^x) is measurable and the map (y, x) —>■ (S^^y, T^x) is continuous 
in {y,x) for P-a.a. w. The skew product transformation T generated by 0 and A 
from % to itself is defined as r(a;, y, x) = (jdui, Su^y, T^x). 

Let TTf : "H S be the natural projection with Trs{uj,y,x) = (oj,x), and 7 rg : 
% ^ Q with Trg{u},y,x) = (uj,y). Then irg and ng are two factor transformations 
from H to £ and Q, respectively. Denote by V the restriction of tF x C on Q and set 

Vu = T^g^{V) = {{D X X)f^n ■. D & V], Ah = = {{AxY)r\n : A & A}, 

and Fu ^ {{F xY X X) r\n : F & F}. 

The relative entropy ofT given the a— algebra Fh is defined by 

/i^(r I Vh) = sup/l^(7^ I Vh), 
n 

where 

^ n —1 

h^in I Vh) = lim {VT^U \ Vh) 

ra->oo n ^ 

i=0 

is the relative entropy of T with respect to a measurable partition TZ, and the supre- 
mum is taken over all finite or countable measurable partitions TZ oYH with finite 
conditional entropy F[^(TZ \ Vh) < oo. 

Let = {(w,x, y) : x,y G which is also a measurable subset of fl x X"^ 
with respect to the product cr—algebra F x Let : £^‘^'> S'F) be a skew- 
product transformation with {uj, x, y) = (dw, Tt^y). The map (uj,x,y) 

(T^x,T^y) is measurable and the map (x,y) —>■ (Ti^x,T^y) is continuous in (x,y) 
for P-a.a. w. Let £ 1,82 be two copies of be., £i = £2 = £■, and tt^. be the 
natural projection from £^'A to £i with tt^.( a;,Xi,X 2 ) = (w,Xi), i=l, 2. Denote by 

A£(2) = {(AX a:) n£1(2) iAgFxB}. 

The relative entropy of given the a— algebra Ag(2} is defined by 

= snphf^{TZ I ^£(2)), 
n 

where 

I n—1 

/^^(7^| A£( 2 ))= lim {(Q^‘^lY)-^n\As(2)) 

n—>-oo 77 , * 

2=0 

is the relative entropy of 0*^^^ with respect to a measurable partition TZ, and the 
supremum is taken over all finite or countable measurable partitions TZ of £^'^^ with 
finite conditional entropy Lf^(7?. | A£( 2 )) < 00. 

A (closed) random set Q is a measurable set valued map Q : fl —>■ 2^, or the graph 
of Q denoted by the same letter, taking values in the (closed) subsets of compact 
metric space X. An open random set 17 is a set valued map 17 : D —^ 2^ whose 
complement 17is a closed random set. A measurable set Q is an open (closed) 
random set if the fiber Qw is an open (closed) subset of £^ in its induced topology 
from X for P—almost all a;(see [6, Lemma 2.7]). A random cover Q of f is a finite 
or countable family of random sets {Q} such that £^ = UqgQ w G D, 

and it will be called an open random cover if all Q G Q are open random sets. 
Set Q(w) = {Q(w)}, = Vr=o'(0*)”'2 and Q^^\uj) = \/toiTf^)~"Q{Fuj). 

Denote by fp(£’) the set of random covers and il(£i) the set of open random covers. 
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For TZ,Q€ ^{£), TZ is said to be finer than Q, which we will write TZ y Q it each 
element of TZ is contained in some element of Q. 

For any non-empty set ^ C f and a random cover TZ € ‘P(f), let N{S,TZ) = 
min{card(W) : U C TZ,S C \Ju&uU} and N{%,TZ) = 1. Denote by N{S,TZ){u;) = 
min{card(W(w)) : U{uj) C TZ^uj), S{u!) C Uu^uUi^)}- Clearly, N{S,TZ){uj) < 
N(S,TZ) for each w. For TZ,Q G ‘P(f), let N{TZ I Q) = maxn^a N(Q,TZ) and 
N(n I Q)(a;) = maxg^g N{Q, 7^)(tc). 

Lemma 2.1. Let TZ € tX{£) and Q G The function oj —>• N{TZ \ Q)(a;) is 

measurable. 


Proof. Let Q £ Q and TZ = {Ri,..., Ri}. For each w, there exists a subset 
{ji) • ■ -jk} of {1,, 1} such that Q{uj) C Ui^lRj^{uJ). Let 


Since Q is a random set and 


k 

{a; € : Q{u)) C [J i?j.(a;)}. 


k 

\ {w : (^ \ Rji Cl Q{uj) 7^ 0}, 

i=l 


is a measurable subset of £l (see for instance [5, Theorem 11.30]). One 
obtain a finite partition of D into measurable sets , where J is a finite family of 
subsets of {1,..., 1 } such that jk)eJ ^Ji, - dk- Thus for each w, 

N{Q,TZ){uj)= min card{ji, ■ ■ •, jfe}, 

(ii.--jfc)eT,i<fe<z 

and N{Q,TZ){u}) is measurable in w. 

Notice that for each t € K., 

{w : N{TZ I Q){uj) > t} = [J {w : NiQ,TZ){oj) > t}. 

QeC 

The result holds from the measurability of iV((5,72.)(a;) in w. □ 


For any TZ, Q,U,V £ fP(f), the following inequalities always hold. 


N{TZ\Q){oj) <N{U\V){uj), iiU'^TZ, Q'^V, (1) 

N{Q-^TZ\Q-^Q){duj)<N{TZ\Q){uj), (2) 

N(TZ\/ Q\U){u) < N{TZ\U){ijj) ■ N{Q\TZ\/U){uj), (3) 

N{TZ W Q\Uy V)(a;) < N{TZ \ U){uj) ■ N{Q \ V)(a;). (4) 


Let TZ £ il{£) and Q £ ^{£). By the inequality (2) and (3) it is easy to see that 
the sequence log j Q^”i)(a;) is subadditive for each co. By the subadditive 

ergodic theorem (see [26, 16]) the following limit 

heiTZ I Q)(w) = lim -logN{TZ^^^ \ Q(”))(w) 

n—)-oo Tl 

P—almost surely (a.s.) exists and 

heiTZ I Q) = lim - /log7V(7^(”) j Q(”^)(w)dP = / he{TZ \ Q)(w)dP. 

n^oo n J J 

KqIJZ \ Q) will be called relative tail entropy of Q on an open random cover TZ with 
respect to a random cover Q . If Q is a trivial random cover, then hQ{TZ \ Q) is 
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called the relative topological entropy {TV) of 0 with respect to an open random 
cover TZ, by (1), 

4^(7^) >he(7^| Q), (5) 

for all Q e *P(£’). 

From (1), one can see that 

he{TZ\ Q) <heiU \V) iiU>Tl,Q>V. (6) 

Then there exists a limit (finite or infinite) over the directed set ii{£), 
h{&\Q)= lim /le(7^|Q)= sup he{Tl\Q), 

-RGiliS) 

which will be called the relative tail entropy o/0 with respect to a random cover Q. 
By the inequality (6), 

h(0 I Q) < h{e I V), if Q ^ V, 

then one can take the limit again 

h*iQ) = lim h{e I Q) = inf h(0 I Q), 

Qeqj(£) ee<p(f) 

which is called the relative tail entropy o/0. It follows from the inequality (5) that 

/iM(0) > h*(0). 

Remark 2.1. For each open cover f = {Ax,..., A}.} of the compact space X, 
{(17 X Ai) n naturally form an open random cover of £. The relative tail 

entropy related with this kind of random cover is discussed under the name of 
“relative conditional entropy” in [18]. 

One of our main goals is to establish the following variational inequality, which 
shows that the defect of upper semi-continuity of the relative measure-theoretical 
entropy function cannot exceed the relative tail entropy. 

Theorem 2.1. Let S x T be the continuous bundle RDS on Ti and m G Xp{'H). 
Then hl,{T \ Vn) < h*{e). 

Remark 2.2. For the trivial space (Y,C) and the random cover mentioned in 
Remark 2.1, the above result reduces to the theorem presented by Kifer and Liu 
(See [19, Theorem 1.3.5]) 

We will obtain the following variational principle when we consider the continuous 
bundle RDS T x T. 

Theorem 2.2. Let T be a continuous bundle RDS on £. Then 
max{h;(0(2) I A£(2)) : p G Xp{£^‘^'^)} = h*{Q). 

Definition 2.3. A continuous bundle RDS T is called relatively asymptotically 
h-expansive if the relative tail entropy h*{Q) = 0. 

Remark 2.3. Theorem 2.2 indicates that the upper semi-continuity of the func¬ 
tion /i(.)(0(^) j on Xp{£^'^'l) is equivalent to relatively asymptotically h- 

expansiveness of T. Moreover, by Theorem 2.1, for a continuous bundle RDS S xT 
on Ti generated by the continuous bundle RDS T and any other continuous bun¬ 
dle RDS S', relatively asymptotically h-expansiveness of T is also equivalent to the 
upper semi-continuity of the function h(.)(r | Dn) on Xp{Ti). In general, the up¬ 
per semi-continuity of the usual measure-theoretical entropy does not imply the 
relatively asymptotically /i-expansiveness of a random transformation, even in the 
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deterministic case (see [23, Example 6.4]). An equivalence condition with respect 
to the upper semi-continuity of the measure-theoretic entropy is given by making 
use of the local entropy theory (See [15, Lemma 6.4]) 

As an application of the variational principle, we will derive the following result. 

Theorem 2.3. Let T, S be two continuous bundle RDSs on £ and Q, respectively. 
Suppose that S is a principal extension of T via the factor transformation n, then 
h*{A) = h*{e). 

Remark 2.4. Theorem 2.3 shows that the relative tail entropy for random trans¬ 
formations could be conserved by the principal extension. If two continuous bundle 
RDSs have a common principal extension, they are equivalent in the sense of the 
principal extension. 


3. Relative tail entropy and relative entropy, we will first give two propo¬ 
sitions regarded as the relative tail entropy, which will be needed in the proof of 
variational inequality later. 


Proposition 3.1. Let T be a continuous bundle RDS on £, and Q be a random 
cover of £. Then for each m S N, 

/i(0™ I qW) = m/i(0 1 Q), 

where Q^^'> = Q- 

Proof. Let TZ be an open random cover of £. Since 

n—1 m—1 nm—1 

V(0-^)-i( Y {OT^TZ) = V {QT^TZ, 

j —0 i —0 i —0 

Then for each uj G Lt, 

n—1 n—1 

7V( V (0'"^^^7^('")) 1 Y (0'"^')-iQ(™))(a;) = fV(7^("™) ] 

j=o j=o 

By the dehnition of the relative tail entropy of 0"* on open random cover 
with respect to 2^"*^ 

n—1 n—1 

i=o i=o 


-i « n — 1 n—1 

1 Q(™)) = hm- / logAf( Y I V 

^ A —n A —n 


= limi [ logiV(7e©™) 1 Q©"'))(a;)dP 
n J 

= linim— / logiV(7^(”™) j Q(”™))(a; 
n-)- nm J 

= mhQ{TZ 1 Q). 


Then 


mh{e 1 Q) = suphe™(7e(™) | < h(0™ j 

n 

where the supremum is taken over all open random covers TZ of £. 
Since TZ -< TZ^"^\ then by the inequality (1), 

n—1 n—1 n—1 

j=0 j=0 j=0 
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which implies that 

hemin I I = mhein \ Q). 

Thus /i(0™ I < mh{Q \ Q) and the proposition is proved. □ 

We could deduce from Proposition 3.1 the following power rule for the relative 
tail entropy. 

Proposition 3.2. Let T be a continuous bundle RDS on £. Then for each to S N, 

=to/i*(0). 

Proof. By Proposition 3.1, 

inf h(0™ I = inf to/i(0 I Q) = mh*{Q), 

where the infimum is taken over all random covers of £. Then /i*(0"*) < mh*{Q). 
Since Q -< then 

h(e^ I Q) > h(0™ I > TOh*(0). 

By taking infimum on the inequality over all random covers of £, one get /i*(0'") > 
mh*{Q) and the equality holds. □ 

Let fi € Vp{£). A partition V is called <5—contains a partition Q if there exists a 
partition TZ <V such that inf ^Q*) < where the infimum is taken over 

all ordered partitions TZ*, Q* obtained from 7Z and Q. 

The following lemma essentially comes from the argument of Theorem 4.18 in 
[25] and Lemma 4.15 in [26]. 

Lemma 3.1. Given e > 0 and k gN. There exists 6 = 6{e, k) > 0 such that if the 
measurable partition V S—contains Q, where Q is a finite measurable partition with 
k elements, then H^(Q | P) < e. 

Proof. Let e > 0. Choose 0 < ^ ^ such that—<5 log (5+(l—5) log(l—5)+(5 log fc < e. 

Suppose that TZ <V is the partition with ^ - fi{RiAQi) < S. One can construct a 
partition <S by S'o = C Qi) and Si = Qi \ So- Since 72. V Q = 72 V <S, and 

7L^(72) + H^{Q I 72) = 72^(72 V Q) = 77^(72 V S) < 77^(5) + 77^(72). 

Then 


I 72) < 77^(5) < -<5log<5 + (1 - 5) log(l - <5) + Jlogfc < e, 
and 77^(Q j V) < H^{Q j 72) < e. □ 

Remark 3.1. We discuss here the conditional entropy instead of the usual measure- 
theoretic entropy in [25]. The result does not require that the two partitions have 
the same cardinality, which is a little different from Lemma 4.15 in [26]. 

Lemma 3.2. Let G Vv{£), 7 G N and 6 = 6{uj) be a positive random variable on 
LI. There exists a finite measurable partition 72 = {77} of £ such that diamR{uj) < 
S{uj) P—a.s. and fj,^^\dR) = 0 for each i G N, R G TZ in the sense of p,^^\dR) = 
f fJ-oj\dR(aj))dP(cv), where d denotes the boundary. 
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Proof. Since P) is a Lebesgue space, it can be viewed as a Borel subset of 

the unit interval [0,1], and G N are also probability measures on the compact 
space [0,1] X X with the marginal P on [0,1]. 

Fix a point {t,x) £ [0,1] x X and S Pp(f). For each nonrandom e > 0, 
dB{{t, x), e) C B{{t, x), e)\mtB{{t, x), e), where B((t, x),e) is the open ball of center 
at (t,x) and radius e with the product metric d = (df + d^)^ on [0,1] x X and B 
denotes the closure of B. If ei ^ € 2 , {B{{t, x),ei) \ mtB{{t, x), ei)) fl {B{{t, x), € 2 ) \ 
mtB{{t, x), £ 2 )) = 0. Then there exists only at most countably many of ej such that 
Cj) \ mtB{{t, x),ej)) > 0, j = 1, 2,.... It follows that for each (t, x) G 
[0,1] X X one could choose some positive real number 7 ( 1 ) < such that for all 
i G N, fj,^^\B{{t,x),^(t))\mtB{{t,x),^(t))) — 0 and then fj,^^\dB{(t,x),"f{t))) = 0. 

By the compactness of [0,1] x X, there exists an open cover of [0,1] x X by finite 
many open ball Bi,... ^Bk with the diameter of the t—section of Bj diam_B_;(t) < 
5{t) and = f /iii^^dBj(uj)dP — 0 for each 1 < j < k and * G N. Then 

Bi,B 2 \Bi ,..., Bk\£ffZ\Bj forms a measurable partition of [0,1] xX. Let Ai = Bi, 
and An = Bn \ UjI^Bj for each 1 < n < fc and denote by ^ = {Ai ,..., Ak}. Then 
^ is a measurable partition of [0,1] x X and for each 1 < j < k, diamGlj (t) < 6 {t) 
for each t G [0,1]. Since dAn C Li^^idBj, then = 0, for each 1 < j < k 

and * G N. 

Let Rj = Aj r\£ and Rj{oj) = {x : (a;,x) G Rj}. Notice that the marginal P 
is supported on 11, then = 0 and TZ = {i?i, ..., Rk} is the measurable 

partition as desired. □ 

Let T and S be two continuous bundle RDSs on £ and Q, respectively. Let T be 
a factor of S via the factor transformation tt. The transformation tt induce a map, 
which is again denoted by tt, from Vp(Q) to Vp{£) by tt/t = This induced 

map TT transports every measure on (y to a measure tt/t in Vp{£). The following 
proposition is classical in the deterministic dynamical system [7]. 

Proposition 3.3. The induced map tt is a continuous affine map from Vr{G) onto 
rpi£). 

Proof. If /i„ —>■ /X G Vp{G), then J fdpLn —>■ / fdp, for all / G C{G), where C{G) is 
the set of random continuous functions on G (see [6]), and therefore /go 7rd/i„ —>■ 
/go 7rd/x for all g G C{G) by the measurability of the factor transformation tt. This 
implies 7r/x„ tt/x. 

It is clear that 7r(a/x + (I — a)v) = ott/x + (1 — a)TTv for all /x, v G VriG) and 
0 < a < 1. 

Since Vp{G) is a compact and convex subset of Vp{£l x Y) (see [I, Section 1.5]), 
and the ergodic measures on G are just the point measures if we take the identity 
transformation on G, be., Id{uj,x) = (w,x). Then by the Krein-Millman theorem 
(see [11, P440]), the convex combinations of point measures are dense in 'Pp{G). it 
follows that TT : (y —>■ f is onto that tt : VpiG) Vp{£) is onto. □ 

It is not hard to verify that the induced map tt send a A-invariant measure in 
Tp{G) to a ©-invariant measure in Xp{£). The following result shows that this map 
is also surjective. 

Proposition 3.4. Let g G Ip{£). There exists m G Xp{G) with Trm = pL 
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Proof. By Proposition 3.3, there exists a v G Vp{G) such that my = ii. Since 
Qfj. = fjL and ttA = ©tt, one has TT{Aiy) = /r, and more generally, 7r(A"i^) = mu. 
By the affinity of tt, 7r(i Denote by ^ Xr=o^ ^^^1 let m 

be one limit point of the sequence iy^'^\ It follows from Theorem 1.5.8 in [1] that 
m G Ip(G). Since tt is continuous, then ttto = /i. □ 

We need the following lemma (see [12, Section 14.3]) which follows from the 
martingale convergence theorem. 

Lemma 3.3. Let ^ G 'Pp{Q), TZ = {i?i,..., i?fc} be a finite measurable partition 
of Q with {TZ) < oo and Ai -< ■ • ■ -< A,i ^ • be an increasing sequence of 
sub-a-algebra of A with V^i = Then 

H^{TZ I Ag) = lim H^{TZ \ An) = iniH^iTZ \ An). 

n—¥co n 

The following result is a relative version of Lemma 6.6.7 in [9]. Similar results 
for random transformations could be found in [20, 17] 

Lemma 3.4. Let (f , 0) be a factor of {G,A) via a factor transformation tt, m G 
Pp{G) and TZ = {i?} be a finite measurable partition of G with m{dR) = 0, where d 
denotes the boundary and m{dR) = J muj{dR{u!))dF. Then 
(i) m is a supper semi-continuity point of the function p, 77^(77. j Ag) defined 
on T’piG), i-e., 

limsup77^(7^ | Ag) < Hm{TZ j Ag). 

fi—^m 

(a) If m G Xp{G), the function fi —>■ h^{TZ \ Ag) defined on Ip{G) is upper semi- 
continuous atm, i.e., 

lim sup 7^(7^ I Ag) < hm{TZ \ Ag). 

fi—¥m 

Proof, (i) For R G TZ with 7?(w) = {x : (w,x) G 7?}. Let R = {{uj,x) : x G 7?(a;)} 
and R = {(w,a:) : x G int(7?(a;))}, where R{oj) and int(7?(w)) denotes the closure 
and the interior of R{uj), respectively. Then 77 is a closed random set of G and 7? is 
an open random set. By Portmenteau theorem (see [6]), 

m{R) > limsup/i(77) > limsup/ j,( 7?) > liminf/i(7?) > liminf p.(7?) > m{R). 

fi-yrn /i-J-m 

Since m{R) = m{R) = m{R) by m{dR) = 0, then p, —>• p{R) dehned on 'Pp{G) 
is continuous at m. Recall that the function t —>■ —t\ogt is continuous on [0,1]. 
Then p is also continuous at m on 'Pp{G). Moreover, if Q = {Q} is a 

measurable partition of G with m{dQ) — 0 for each Q G Q, then the conditional 
entropy p —>• H^{TZ j Q) of the partition TZ over Q is continuous at m. 

Let V = Trm. By Lemma 3.2, there exists a refining sequence of finite measurable 
partitions Qk = {Qki} of £ satisfying iy{dQkf) = 0, for each G Qk, 7 = 1,2,.... 
Then is a refining sequence of measurable partitions of G, all having the 

boundary of measure zero at m. It follows that for each k G N, the function p 
H^{TZ I TT~^Qk) is continuous at m. Notice that V^i Qk = A and H^{TZ \ TT~^Qk) 
decrease in k. Thus the function p inf^ 77^(77 | TT~^Qk) is upper semi-continuous 
at m and the property (i) follows from Lemma 3.3. 

(ii) Let n G N. Since the function p —>• 777^(77.^”^ ] TT~^Qk) is also continu¬ 
ous at m for each k = 1 , 2 ,..., where 7^^"^ = ^he function 

p —>• inffe I | is upper semi-continuous at m. 
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Therefore the function /r —^ inf„ | Ag) = h^(Ti \ Ag) is upper semi- 

continuous at m and the property (ii) holds. □ 

We need the following lemma which shows the basic connection between the 
relative entropy and relative tail entropy. 

Lemma 3.5. Let S be a continuous bundle RDS on Q. Suppose that TZ = {7?}, Q = 
{Q} are two finite measurable partitions of Q and p, G VviQ), then 

H^{n I O V J-g) < J log7V(7e I Q)(w)dP, 

where 0 is the sub-a-algebra generated by the partition Q and Tg = {{F x L) : 
F G F}. 

Proof. A simple calculation (see [12, Section 14.2]) shows that 

E{lRnQ I Fg) 


A(lfl I 0 V Fg) = ^ 1q- 


QGQ 


EilqlFg) ■ 


Then 


H^{n\£lWFg)= j ^ -lfllogA(lH |0VJ-6)(7/i 
R&n 


E -iHiog i: 


ReR 


Qea 




Rsn 


Qes 


E{Iq I Fg) 

EjlRnQ I Fg) 
EilQ I Fg) 


dpL 




RgT?- q 


EilQ I Fg) 


EE -EilRnQ log 

Ren QeQ 


= / E E -^i^Rng I Fg)\og 


EjlRnQ I Fg) 

EilQ I Fg) 

EilRnQ I .Pp) 


A(1q I Fg) 


Fg)dp 

dp 


ReRQeQ 

Since p could disintegrate dpioj, y) = dp^iy)dFiuj), EilRnQ \ Fg) = pujiiRr\Q)ioj)) 
and 7?(1 q | Fg) = p^iiQioj)) P—a.s., then 

Pu,iiRCiQ)iuj)) 


H^in I 0V J-p) = /EE -^<^((77nQ)(w))log 

TD^'D r\ 


R&n QeC 


Pu:iQiuj)) 


-dF 


= [ T. M^(QH)(- E ^^^Pu.iiRnQ)iu;)) 


QeQ 


Reiz 


fj-ijiQiuj)) 


h'uiiQi^)) 


Notice that 


_ ^ log < logiV(Q,7e)(cc). 


ReR 


h-uiQi^^)) 


i^ui iQi^)) 


Thus 


77 ^( 7 e| 0 V J-g) < J pUQiio)) log NiQ,n)iu;)dF< ^ logiV(7^ | Q)(u; 


QeC 
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□ 

Remark 3.2. When we consider the relative entropy | O) with respect to two 

measurable partitions TZ and Q, it is not hard to see that Hf^{TZ \ £}) < N{TZ \ Q), 
which is similar to the case in the deterministic system. Moreover, the iteration of 
the random transformation is not necessary in this lemma, though we assume that 
the condition is in the environment of random dynamical systems. 

4. Variational principle for relative tail entropy. We now take up the con¬ 
sideration of the relationship between the relative entropy and relative tail entropy 
on the measurable subset % oi Vl xY x X with respect to the product cr—algebra 
T X C X B. The following result follows from Lemma 3.4 directly. 

Lemma 4.1. Let TZ = {i?i,..., Rk} be a finite measurable partition of Ti. Given 
m G 'Pp{'H) satisfying m(dRi) = 0 for each 1 < i < k, then m is a upper semi- 
eontinuity point of the function p, —>■ H^(JZ \ 'Du) defined on 'Pr{'H), i.e., 

limsup7^^(7^ I P-h) < | 'Du)- 

IL—>m 

Lemma 4.2. Let S x T be the eontinuous bundle RDSs on 'H and p € 'PriR). 
Suppose that TZ, Q are two finite measurable partitions of Ti, Then 

Hf^iTZ I Du) < H^iQ \Du)+J logiV(7^ | Q)(cc)dP. 

Proof. Since Tu is a sub-tr-algebra of Du, then Du V Tu = Du- Let 0 be the 
sub-cr-algebra generated by the partition Q. By Lemma 3.5, 

H^{TZ\Du) = li^.[TZ\Duy Tu) 

< ^^^(2 I V Tu) + R^iJZ \QyDu'LTu) 

< HAQ I V Tu) + H^{TZ | 0 V 

< RAQ- \T^h)L J log V(7^ I Q)(w)dP, 

and the result holds. □ 

Proposition 4.1. Let S xT be the continuous bundle RDS on 'H and p G Tp{'H). 
Then for each finite measurable partition Q of £, 

hf^ir I Du) < h^iir^^Q \ Du) + h{e \ Q). 

Proof. Let TZ = {Ri,..., Rk} be a measurable partition of £ and u = TT£p. 

Recall that (12, T, P) can be view as a Borel subset of the unit interval [0,1]. Then 
ly G 'Pp(f) is also a probability measure on the compact space [0,1] x X with the 
marginal P on [0,1]. Let e > 0 and <5 > 0 as desired in Lemma 3.1. Since z/ is regular, 
there exists a compact subset Pi C Ri with iy{Ri \ Pi) < ^ for each 1 < i < k. 
Denote by Pq = ^ \ U^=i Pi- Then 'P = {Pq, Pi, ... ,Pk} is a measurable partition 
of £ and Y}i=i \ Pi) + ^(Po) < ^ ’ ^ + § = ^- By Lemma 3.1, H,j{TZ | P) < e. 
Let Ui = Pq Li Pi. Since for each w G f2, (Pq U Pi)ijj is an open subset of £u;, then 
U = {Ui,..., Uk} is an open random cover of £, and N{V \ U){ijj) < N{V \ U) <2. 
Then 

h^{TT^^TZ I Du) < h^{TT^^V I Du) + H^^tt^^TZ \ ti^^V) 

= h^{TT^^V \ Du) + H,{TZ\V) 
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< I V-H) + e- 

By Lemma 4.2, one has 

I Vn) < \ Vn) + J logN{V \ Q)(w)dP. 

Notice that for each w G fi, N(V \ Q)(w) < N(U \ Q)(w) • N(V \ U){ui). Then 
I V-h) < \Vn)+ J logN(U \ Q)(a;)dP 

+ J \ogN{r I U){u})dP. 

Applying the above result to Vr=o^(0*)~T, V"=ro^(0*)“^Q, and di¬ 

viding by n and letting n —> oo, one obtain 

h^(7rjT I Vn) < hf,{TTj^Q \ Vn) + he{U \ Q) 

. « n—1 n—1 

+ / logiV( \J (0*)-T I \J {Q^)-^U)dF. 

n^oo n J 

Observe that 

^ P n —1 n—1 

- / log Af( \J ( 0 *)-T I V (0*)“^W)dP < log2, 
and /i0(^ I Q) < /i(0 | Q), then 

l7^ I I + H^{TT^^n I TTg T) 

— ^2 I 'D'j-i) -f h(0 I Q) -f log 2 -|- e. 

Let 72.1 -< • • • ^ 72„ -< • ■ • be an increasing sequence of finite measurable parti¬ 
tions with Vfci T^n = A, by Lemma 1.6 in [16], one has 

/i^(r|77w) <h;.(7r£^Q|7?«) + h(0| Q)+log2 + e. (7) 

Since 

n—1 m—1 nm—1 

M V (r™^r'( V I = M V 1 

J —0 2—0 2—0 

It is not hard to see that 


V (rO-Vf'Q I Vh) = mh^in^^Q \ Vn), 


( 8 ) 


i=0 


where p™ (C I '^u) denotes the relative entropy of T™ with respect to the partition 

e 

By Lemma 1.4 in [16], for each m G N, 

h^(r"^|7?„) = mh^(rl77„), (9) 

where j Vn) is the relative entropy of T™. 

By the equality (8), (9) and Proposition 3.1, and applying P™, 0™ and V™ 
to the inequality (7), dividing by m and letting m go to infinity, one has 

I Vn) < h^in^^Q ] Vn) + h(0 j Q), 

and we complete the proof. □ 
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Now we can prove Theorem 2.1, which gives a variational inequality between de¬ 
fect of upper semi-continuity of the relative entropy function on invariant measures 
and the relative tail entropy. 

Proof of Theorem 2.1 . Let Q be a finite random cover of £. By Lemma 3.2, there 
exists a finite measurable partition Ti, oi £ with Q ^ TZ and m{dR) = 0 for each 
R GTZ. By Proposition 4.1 and tt^L = , for each G IpiTL) and n € N, 

h^{r I Vn) < \ Vn) + h{Q \ TZ) 

n— 1 

< -iL^( V I Vh) + h{e I Q) 

^ i=0 


Then by Lemma 4.1, 

^ 71— 1 

limsup/i^(r I V-h) < limsup -7L^(\/ | Vn) + h{& \ Q) 

fj.^m fi^m n 

^ n—1 

< -Hm{ V I T^n) + h{Q \ Q). 

^ i=0 

Thus 

limsupI V-h) < /im(r I Vh) + h{e \ Q). 

Since the partition Q is arbitrary, then h^(T \ Vh) < h*{Q). □ 

Next we are concerned with the variational principle related with the relative 
entropy of £^^'> and the relative tail entropy of 0. Recall that £^^^ = {{uj,x,y) : 
x,y € £ui} is a measurable subset of x X'^ with respect to the product cr—algebra 
TxB^ and Ae(2) = {(^x X)Ci£^‘^'^ ■. A & FxB}. The skew product transformation 
0(2) • ^(2) ^ £;(2) jg given by Q^'^\uj,x,y) = {'duj,T^x,Ti^y). Let £i,£2 be two 
copies, i.e., £i — £2 = £, and tte- be the natural projection from to £i with 
7T£^{uj,xi,X2) = (w,Xi), i=l, 2. 

Proposition 4.2. Let T be a continuous bundle RDS on £ and Q = {Qi,..., Qk} 
be an open random cover of £. There exists a probability measure fiQ € Tp(£^^^) 
such that 

(i) |^^(.,)>/r(0| Q)- 1, 

k _ 

(a) fiQ is supported on the set IJ {{u;,x,y) € £^^^ : x,y € Qj(uj)}. 

j=i 

Proof. Let us choose an open random cover V — {Pi^..., Pi} oi £ such that h^lfP \ 
Q) > h{Q I Q) — p Recall that il{£) is the collection of all open random covers on 

£, = Vr=o'(©*)■'2 and Q(”)(cc) = Vr=o'(^c^)"'2(^'^)- 

Pick one element Q{uj) € with N{Q,V^^^){uj) = N{T’A) | Q("))(a;) and 

a point X € Q{oj). Since V is an open random cover of £, by the compactness of 
£u), there exists a Lebesgue number ylui) for the open cover {Pi{uj ),..., Piitv)} and 
a maximal (n, ^)—separated subset En{uj) in Q{uj) such that 

(5(w) C y By{uj,n, 6 ), 

y^Enioj) 
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where By{u}, n, 6) denote the open ball in centered at y of radius 1 with respect 
to the metric = maxo<k<n{d{T^x,T^y){S{'&^u}))~^}, for each x,y e £^, 

i.e., By{uj,n,6{uj)) = fXiZQiT^)~^B{T^y,S{'d^uj)). Notice that for each 0 < * < 
n — 1, the open ball B{T^y,6{'d^u})) is contained in some element of Vid^uj), then 
By{oj, n, 6{uj)) must be contained in some element of 7^^"^(w). This means that the 
cardinality of En{u}) is no less than N{Q,V^"'>){uj). 

Consider the probability measures of via their disintegrations 


a 


(«■) = 


1 

card£'ri(w) 


y^E„{uj) 


SO that da^'^\uj,x,y) = da^'^d¥{uj), and let 


M 



n 


n—1 

i=0 


By the Krylov-Bogolyubov procedure for continuous RDS (see [1, Theorem 1.5.8] or 
[17, Lemma 2.1 (i)]), one can choose a subsequence {uj} such that convergence 
to some probability measure fiQ € 

Next we will check that the measure fj,Q satisfies (i) and (ii). 

Let j/ = TTf^^g. By Lemma 3.2, choose a finite measurable partition TZ = 
{Ri, ..., Rq} of £ with v{dRi) = 0,0 < i < g and diami?i(a;) < 6 {u}) for each w. Set 
^(n) ^ Since then = 

Denote by = {D} for convenience, where D is a typical element of 

For each oj, let 7r3^^S(a;) = {{B x X 2 ) fl £u'^ : B G B}, where Xi,X 2 are two 
copies of the space X and tt^i is the natural projection from the product space 
Xi X X 2 to the space Xi. We abbreviate it as tt^^B for convenience . 

Since each element of (w) contains at most one element of E„(uj), one has 

Eiloiu:) I 7^xlB){x,y) = (10) 


Indeed, for each d G ttx^B, 

[ i?(lDM I 7rx,B)da!^^ = [ = [ UnDi.)da!^^ = D{oj)). 

Jd Jd J 


Since d = {B x X 2 ) D for some B G B and D{uj) = {Xi x C) fl for some 
C G 77.(")(a;), Then a^\d fl D{ui)) = a^\{B x C) fl By the construction of 

(7^,"^ one have 


a(r)((i?xX2)nf(2)) 


1, X G B, 

0, otherwise. 


Then 


ai^\{B xC)n £i^'>) =a!^\{X, x C) n . 4")((i3 x n 

a(r)((Xi xC)nf(2))d^W 

(BxA2)n£r> 
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and so 


/ I TTx,B)da^J^ = [ al-\D{u;))dal-'> 

Jd Jd 

for all d £ which implies the equality (10) holds. Thus 

^ -E{1d(u:) I 7rxi6)logi?(lziM | TTx,B)dc 

= Y. -<^L^\D{u;))\ogal-HD{u;)) 

D(uj)(u) 

= \ogcaidE^{uj) > \ogN{V'^^'> \ 

Since for each G G Ag( 2 ), 

J^E{1 d\ Aei2))da^^'> = J Iq ■ E{1d \ As(2))da^^'> 

= J E{1 g ■ In \ A£i2,)da^^'> 

= J lGn£i(w,a;,y)dcr(”^ 

= II ^{GnD){cj){x,y)daj;^'^dF 

= II £'(l(GnD)(c^) I TTXiB)ix,y)daj^'^dF 
= II ^Giu:)ix,y) ■ E{ln(u,) \TTxiB){x,y))da^'>dF 

= II ^G{ix,x,y)E{ln{^) | 7rxiS)(a:, y))dcr^"W 
= |7rx,S)(a:,y))da(r)dP 

= [ Eilniu.) I 7rx,B)da(^\ 

Jg 


(n) 


Then 


Therefore, 


Ei^n I A£( 2 ))iuj,x,y) = E{ln(u,) I T^XiB){x,y) P-a.s.. 


I = / E -^(1^ I Xi^))^ogE{lD I A£i2,)da^^'> 

= 11 E I ^x,B)\ogE{lniu.) I 7rx,6)daMdP 

= I H^M{^^^\uj))dF> I log7V(T’(”^ I Q(”))(a;)dP. (11) 

For 0 < J < in < n, one can cut the segment (0,n — 1) into disjoint union of 
[^] — 2 segments {j,j + m — 1),..., (j + km,j + (fc + l)m — 1), ... and less than 
3 to other natural numbers. Then 

[^]“2 j+(fc+l)m-l 

I ( V I A£, 2 ,) + 3m log q 

k—0 i=j-\-km 
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[^ 1-2 

- ^ I ^£( 2 )) + 3TOlogg. 

k=0 

By summing over all j, 0 < j < m and considering the concavity of the entropy 
function one has 

n— 1 

TOi7^(„) I ^£( 2 )) < ^ I ^£( 2 )) + 3771^ logg 

k^O 

< nH^(rt) I A£{ 2 ) ) + 3m^ log q. 

Then by inequality (11), 

I -4^(2)) >IJ logiV(iP(") I Q("))(a;)dP- ^logq 

Replacing the sequence {n} by the above selected subsequence {rij} and letting 
j oo, by Lemma 4.1, 

I Ae( 2 )) > liminf — /logAf(iP(”^) | QA2))(uj)dF. 

m i->-oo rij J 

Then 

\A£(2,)>h{Q\Q)-l. 

TTl /C 

By letting m ^ oo, one get K^{^£^n\Asi2,)>h{Q\Q)-\. 

Let Til -< • • • ^ Tin < ■ ■ ■ be an increasing sequence of finite measurable parti¬ 
tions with V^i = A, by Lemma 1.6 in [16] one has \ ^ 5 ( 2 )) > h{Q \ Q), 

which shows that the measure Q satisfies the property (i). 

For the other part of this proposition, let n G N. Recall that Q G and notice 
that QA) (0l)“^Q for all 0 < j < n. Let QA = {(^uj,x,y) G : x,y G Q(w)} 
and = {{u},x,y) G SA) : x,y G Qi (w)}, 1 < z < fc. All of them are the 
measurable subsets of £A) ■y^rith the product cr—algebra JFxB'^, and QA is contained 
in {QA'j-j qA j-qj. gQjjjg I < i < k and 0 < j < n. It follows from the construction 
of nA) that 

k n-1 k 

m‘“>(U cf) = - <3f’)) 

i=l j=0 i=l 

-i n—1 

> =^(")(q(2)) = 1 . 

” j=o 

Then 

k 

U{(w,x, 2 /) :x,y G Qi{uj)} = l). 

i=l 

Therefore the probability measure /j,q satisfies the property (ii) and we complete 
the proof. □ 

Proposition 4.3. Let T be a continuous bundle RDS on £. There exists one 
probability measure m G Ip{£A'j^ which is supported on {(a;,a;,a;) G £^1 : x G £ui}, 
and satisfies h^{QA | A^m) = h*{Q). 
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Proof. Let Qi -< • • • -< Qn • be an increasing sequence of open random cover 
of £. Denote by Qn = By Property 4.2, for each n e N, there exists one 

probability measure G such that \ ^ 5 ( 2 )) > h{Q \ Qn) — 

and /i„ is supported on ljj=i{(‘^! ^jU) '■ x,y G Q^^\u})}. Let m be some limit point 
of the sequence of then m G Ip{£^‘^'>) (see [17, Lemma 2.1 (i)]) and 

limsup/iu(0^^^ I - 4 ,£( 2 )) > liminf( 0 ^^^ | Asm) > inf/i (0 | Q„) = h*{<d). 

/i->m n-s-oo n 

On the other hand, notice that the support of m 


suppm = Pi |J{(w,a;,j/) : a;,?/ e Qf'^\uj)}, 

1=13=1 

where {ni} is the subsequence of {n} such that convergence to m in the sense 
of the narrow topology. Since is a refining sequence of measurable partition on 
£, then 

suppm = {(a;,a:,a:) € : x G £ui}- 

Thus for every finite measurable partition ^ = {^ 1 , • • • , on f, 

n suppm) = mijis^^i)), 1 < * < fc. 

This means and coincide up to sets of m—measure zero. Observe that 
Eil - 1 , I -4c(2)) = 1 - 1 , P—a.s. for all 1 < z < fc. Then 

I Agm) = Hm{TTs^£. \ Agm) = 0, 

and /im(0^^^ I ^£( 2 )) = 0 by the definition of the relative entropy. Hence, 

I A£(2)) = limsup/i^(0^^^ I A£(2)) - I ^£(2)) > h*{Q). 

fi—¥m 

By Theorem 2.1, | ^£( 2 )) < h*{Q) and we complete the proof. □ 

The variational principle stated in Theorem 2.2 follows directly from Theorem 
2.1 and Proposition 4.3. 

We are now in a position to prove that the relative tail entropy of a continuous 
bundle RDS is equal to that of its factor under the principal extension. 

Proof of Theorem 2.3. Denote by = {(w,y,z) : y,z G Guj}, which is a mea¬ 
surable subset of D X y x Y with respect to the product cr—algebra T x C2. Let 
f) : —>• be the map induced by the factor transformation tt as (l){u;,y,z) = 

{u},TTi^y,TTujz). Then (f is a. factor transformation from {A^‘^\G^‘^'>) to 
Let m G and a : gi2) 

—^ t/ be the natural projection defined as 
a{uj,y,z) = {uj,y). By the equality 4.18 in [9], for each m G Xp{G^‘^'*), \ 

2 ^g( 2 )) = hamiA,G), where hamiA^G) is the usual measure-theoretical entropy. 
Let P : -^ £ he the natural projection defined as P{u},x,u) = {oJ,x). Then 

pm G Ir{£^‘^'>) and \ ^£( 2 )) = ^I3{<p7n) ; ^) ■ 

Notice that na = Pp. one obtain = ^irQ;m(0,f)- Since the contin¬ 

uous bundle RDS S is an principal extension of the RDS T via the factor trans¬ 
formation TT, by the Abramov-Rokhlin formula (see [2, 22]) one has h,ram(0,f) = 
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ham{A,Q). It follows that I Vg(2)) = \ As(2)), and then \ 

'Dg(2)) = I Ae(2)). Thus by Theorem 2.2, 

h*{A) = max | Vg{ 2 )) < max | A£( 2 )) = h*{Q). 

m€Xp(^(2)) 

Since for each fi G Xp{£'A>), by Proposition 3.4, there exists some m G 

such that (pm = fi. Therefore the other part of the above inequality holds and we 

complete the proof. □ 
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